Abstract. This paper divides into two parts. Let (X, ω) be a compact Hermitian manifold. Firstly, if the Hermitian metric ω satisfies the assumption that ∂∂ω k = 0 for all k, we generalize the volume of the cohomology class in the Kähler setting to the Hermitian setting, and prove that the volume is always finite and the Grauert-Riemenschneider type criterion holds true, which is a partial answer to a conjecture posed by Boucksom. Secondly, we observe that if the anticanonical bundle K −1 X is nef, then for any ε > 0, there is a smooth function φ ε on X such that ω ε := ω + i∂∂φ ε > 0 and Ricci(ω ε ) ≥ −εω ε . Furthermore, if ω satisfies the assumption as above, we prove that for a Harder-Narasimhan filtration of T X with respect to ω, the slopes µ ω (F i /F i−1 ) ≥ 0 for all i, which generalizes a result of Cao which plays a very important role in his studying of the structures of Kähler manifolds.
Introduction
In this paper, we recall some results in Kähler geometry and study to what extend they can be generalized to the case of Hermitian manifolds.
Let L be a holomorphic line bundle on a compact complex manifold X, one defines the volume of L as vol(L) := lim sup k→+∞ n! k n h 0 (X, kL).
It is well-known that if vol(L) > 0, then L is big. From [17] , one knows that if vol(L) > 0, the limsup is in fact a limit, so that the volume vol(L) can be seen as a measure of the bigness of L. From the definition, vol(kL) = k n vol(L). Thus one can also define the volume of a Q-line bundle by setting vol(L) = k −n vol(kL) for some k such that kL is an actual line bundle.
In [4] for T ranging over the closed positive (1, 1)-currents in α, in case α is pseudo-effective, otherwise we let vol(α) = 0. The Kähler property plays an important role in the proof of the finiteness of the above volumes. Here we mention a couple of results in [4] :
(a) If α ∈ H 1,1 (X, R) is nef, then vol(α) = α n .
(b) A class α ∈ H 1,1 (X, R) is big if and only if vol(α) > 0.
In fact, (b) is a Grauert-Riemenschneider type criterion for bigness. Let us recall the Grauert-Riemenschneider conjecture (now it is a theorem) for the sake of completeness: a compact complex variety Y is Moishezon if and only if there is a proper non singular modification X → Y and a line bundle L over X such that the curvature is > 0 on a dense open subset. A compact complex manifold is said to be Moishezon if it is birational to a projective manifold. Siu [31] first proved this conjecture by getting a stronger result that X is Moishezon as soon as iΘ L ≥ 0 everywhere and iΘ L > 0 in at least one point. Later Demailly [12, 13] gave another proof of a stronger result than the conjecture by using his holomorphic Morse inequalities. Also Berndtsson [1] gave another proof. It is proved in [24] that a compact complex manifold X is Moishezon, if and only if X admits an integral Kähler current, i.e. there exits a big line bundle L on X. Now one can see that (b) is obviously a generalization of Grauert-Rimenschneider criterion. In fact, it gave a criterion for a transcendental class to be big rather than an integral class. To conclude, the Philosophy of the study of the volumes defined above is to ask for the existence of a Kähler current in a class α provided that vol(α) > 0. In [4] , the following conjecture was posed.
A compact complex manifold X is said to be in the Fujiki class if it is bimeromorphic to a Kähler manifold. Demailly [15] proved that a compact complex manifold X is in the Fujiki class if and only if it carries a Kähler current.
Throughout this paper, we say that a Hermitian metric ω satisfies the assumption (*), if ∂∂ω k = 0 for k ∈ {1, · · · , n − 1}. Now let (X, ω) be a compact Hermitian manifold, and α an arbitrary cohomology class α in H for T ranging over the closed positive (1, 1)-currents in α, in case α is pseudoeffective. If it is not, we set vol(α) = 0. We will see that, the supremum involved is always finite under our assumption (*). It is trivial that the volume vol(α) of a big class α is non-zero. Firstly, we will prove that (a) also holds when (X, ω) is a compact Hermitian manifold endowed with a Gauduchon metric ω satisfying the assumption (*). Furthermore, by adapting arguments from [4] and [10] , we are able to prove the following partial solution to Conjecture 1.1. Theorem 1.2. Let X be a compact complex manifold, and let ω be a Gauduchon metric on X satisfying the assumption (*). If X carries a pseudoeffective class α ∈ H 1,1 ∂∂ (X, R) such that vol(α) > 0, then X is Kähler.
Thus for the same reason as in [4] , this definition is compatible with the previous one when X is assumed to satisfy the assumption (*).
Since every compact complex surface always carries a Gauduchon metric satisfying the assumption (*), Theorem 1.2 states that the GrauertRiemenschneider type criterion always holds true on compact complex surface which was proved in [4] by a different argument.
In [10] , Chiose proved that if X is a compact complex manifold, which admits a Gauduchon metric satisfying the assumption (*), a nef class α ∈ H (1) Let (X, ω) be a compact Kähler manifold and {ω} is a Kähler class on X. Then K
−1
X is nef if and only if for every ε > 0, there exists a Kähler metric ω ε = ω + i∂∂φ ε in the cohomology class {ω} such that Ricci(ω ε ) ≥ −εω ε . (2) Let (X, ω) be a compact Kähler manifold and
be a Harder-Narasimhan filtration of T X with respect to ω. Then
X can be also defined and there is also an analogue of the HarderNarasimhan filtration on a compact Hermitian manifold, it is natural to ask whether we can get similar characterizations of nef K −1 X and the HarderNarasimhan filtration on a compact Hermitian manifold? In this paper, we get the following Theorem 1.3. Let (X, ω) be a compact Hermitian manifold. Then the following properties are equivalent:
(ii) For every ε > 0, there exists a smooth real function φ ε , such that ω φε = ω + i∂∂φ ε > 0 and Ricci(ω φε ) ≥ −εω φε . Theorem 1.4. Let (X, ω) be a compact complex manifold with a Gauduchon metric ω satisfying the assumption (*).
The structure of this paper is as follows. In Section 2, we prepare the technical preliminaries. In Section 3, we prove that for any nef class α ∈ H 1,1 ∂∂ (X, R), the volume satisfies vol(α) = α n . It is a generalization of the Theorem 4.1 in [4] . In Section 4, we prove Theorem 1.2. In Section 5, we prove Theorem 1.3. In section 6, we prove Theorem 1.4.
Technical preliminaries
Let X be a compact complex n-fold. We will use dd c to denote the We say that a function φ on X has analytic singularities along a subscheme V (I ) (corresponding to a coherent ideal sheaf I ) if there exists c > 0 such that φ is locally congruent to We say an almost positive (1, 1)-current has analytic singularities, if we can find a smooth form θ and a function ϕ on X with analytic singularities, such that T = θ + dd c ϕ. Note that one can always write T = θ + dd c ϕ with θ smooth and ϕ almost plurisubharmonic on a compact complex manifold.
2.1. ∂∂-cohomology. Let X be an arbitrary compact complex manifold of complex dimension n. Since the ∂∂-lemma does not hold in general, it is better to work with ∂∂-cohomology which is defined as
By means of the Frölicher spectral sequence, one can see that H p,q ∂∂ (X, C) is finite dimensional and can be computed either with spaces of smooth forms or with currents. In both cases, the quotient topology of H p,q ∂∂ (X, C) induced by the Fréchet topology of smooth forms or by the weak topology of currents is Hausdorff, and the quotient map under this Hausdorff topology is continuous and open.
In this paper, we will just need the (1, 1)-cohomology space H
1,1 ∂∂
(X, C). The real structure on the space of (1, 1)-smooth forms (or (1, 1)-currents) induces a real structure on H (X, R) is said to be pseudo-effective iff it contains a positive current; α is nef iff, for each ε > 0, α contains a smooth form θ ε with θ ε ≥ −εω; α is big iff it contains a Kähler current, i.e. a closed (1, 1)-current T such that T ≥ εω for ε > 0 small enough. Finally, α is a Kähler class iff it contains a Kähler form.
Since any two Hermitian forms ω 1 and ω 2 are commensurable ( i.e. C −1 ω 2 ≤ ω 1 ≤ Cω 2 for some C > 0), these definitions do not depend on the choice of ω.
2.2.
Lebesgue decomposition of a current. In this subsection, we refer to [4, 26] . For a measure µ on a manifold M we denote by µ ac and µ sing the uniquely determined absolute continuous and singular measures (with respect to the Lebesgue measure on M) such that
which is called the Lebesgue decomposition of µ. If T is a (1, 1)-current of order 0 on X, written locally T = i T ij dz i ∧ dz j , we defines its absolute continuous and singular components by
The Lebesgue decomposition of T is then
coefficients. The form T ac (x) n exists for almost all x ∈ X and is denoted
Note that T ac in general is not closed, even when T is, so that the decomposition doesn't induce a significant decomposition at the cohomological level. However, when T is a closed positive (1, 1)-current with analytic singularities along a subscheme V , the residual part R in Siu decomposition (c.f. [30] ) of T is nothing but T ac , and the divisorial part
The following facts are well-known. Lemma 2.3 (c.f. [4] ). Let f : Y → X be a proper surjective holomorphic map. If α is a locally integrable form of bidimension (k, k) on Y , then the push-forward current f * α is absolutely continuous, hence a locally integrable form of bidimension (k, k). In particular, when T is a positive current on Y , the push-forward current f * (T ac ) is absolutely continuous, and we have the formula f * (T ac ) = (f * T ) ac .
The absolutely continuous part T ac of a positive current T does not depend continuously on T , but we have the following semi-continuity property:
Lemma 2.4 (c.f. [4] ). Let T k be a sequence of positive (1, 1)-currents converging weakly to T . Then one has
2.3. Regularization of currents. There are two basic types of regularizations (inside a fixed cohomology class) for closed (1, 1)-currents, both due to J.-P. Demailly.
Theorem 2.5 (c.f. [11, 14, 4] ). Let T be a closed almost positive (1, 1)-current on a compact Hermitian manifold (X, ω). Suppose that T ≥ γ for some smooth (1, 1)-form γ on X. Then (i) There exists a sequence of smooth forms θ k in {T } which converges weakly to T , and θ k (x) → T ac (x) a.e., and such that θ k ≥ γ − Cλ k ω where C > 0 is a constant depending on the curvature of (T X , ω) only, and λ k is a decreasing sequence of continuous functions such that λ k (x) → ν(T, x) for every x ∈ X. (ii) There exists a sequence T k of currents with analytic singularities in {T } which converges weakly to T , and T k,ac (x) → T ac (x) a.e., such that T k ≥ γ −ε k ω for some sequence ε k > 0 decreasing to 0, and such that ν(T k , x) increases to ν(T, x) uniformly with respect to x ∈ X.
Resolution of singularities.
Definition 2.6. Let f : Y → X be a surjective holomorphic map between compact complex manifolds and T be a closed almost positive (1, 1)-current on X. Write T = θ + dd c ϕ for some smooth form θ ∈ {T }, and ϕ an almost plurisubharmonic function on X. We define its pull back f * T by f to be
Note that this definition is independent of the choices made, and we have {f
We now use the notations in Definition 2.1. From [23, 2, 3] , one can blowup X along V (I ) and resolve the singularities, to get a smooth modification µ : X → X, where X is a compact complex manifold, such that µ −1 I is just O(−D) for some simple normal crossing divisor D upstairs. The pull back µ * T clearly has analytic singularities along V (µ −1 (I )) = D, thus its
Siu decomposition writes
where θ is a smooth (1, 1)-form. If T ≥ γ for some smooth form γ, then µ * T ≥ γ, and thus θ ≥ µ * γ. We call this operation a resolution of the singularities of T .
2.5. Lamari's criterion.
Theorem 2.7. Let X be an n-dimensional compact complex manifold and let Φ be a real (k, k)-form, then there exists a real (k−1, k−1)-current Ψ such that Φ + dd c Ψ is positive iff for any strictly positive ∂∂-closed (n − k, n − k)-
2.6. Gauduchon metrics. For any n-dimensional compact complex manifold X, Gauduchon's result [19] tells us there always exists a metric ω such that ∂∂ω n−1 = 0. These metrics are called Gauduchon metrics. Actually, from [20] we know that in the conformal class of every Hermitian metric, there is a Gauduchon metric. As a consequence, if the Gauduchon metric ω satisfies the assumption (*), then for any closed (1, 1)-current T , and k ∈ {1, · · · , n}, the integral X T k ∧ ω n−k only depends on the class of T and the metric ω, provided that T k is well-defined.
The following two theorems, which we will state without proof, will play key roles in this paper.
Theorem 2.8 ([8])
. Let (X, ω) be a compact Hermitian manifold. The complex Monge-Ampère equation
where ε > 0 and F ε is a smooth function on X, has a smooth solution φ such that ω φ := ω + i∂∂φ > 0.
Theorem 2.9 ([33]
). Let (X, ω) be a compact Hermitian manifold. For any smooth real-valued function F on X, there exist a unique real number C > 0 and a unique smooth real-valued function φ on X solving
with ω + i∂∂φ > 0 and sup X φ = 0. Furthermore, if ∂∂ω
Remark 2.10. The assumption (*) is also used in [21] to solve the complex Monge-Ampère equation.
Remark 2.11. One should be careful that if ω is Gauduchon, and φ is a smooth function on X such that ω φ := ω + i∂∂φ > 0, then ω φ is not Gauduchon in general.
Lemma 2.12. Suppose ω is a Hermitian form on X satisfying the assumption (*). Then for any smooth function φ on M, ω φ also satisfies the assumption (*).
Proof. It is a direct and easy computation.
2.7.
Finiteness of the volume. The following two lemmas are small generalizations of those in [4] . The proof is similar with small modifications, we give the proof here for the sake of completeness.
Lemma 2.13. Let T be any closed (1, 1)-current on a compact Hermitian manifold (X, ω) with T ≥ γ, where ω is the Gauduchon metric satisfying the assumption (*) and γ is a continuous (1, 1)-form on X. Then one can define the Lelong number ν(T, x) for T at x to be ν(T + β, x), where β is a smooth closed (1, 1)-form near x such that T + β ≥ 0 and ν(T, x) can be bounded by a constant depending only on the ∂∂-cohomology class of T .
Proof. By definition ν(T + β, x) is (up to a constant depending on ω near x) the limit for r → 0 + of
which is known to be an increasing function of r. Since β is smooth, one can see that the limit is independent of β, which means that the definition of ν(T, x) is well-defined. Choose a constant C such that Cω ≥ −γ, then T + Cω ≥ 0 on X. Thus if we choose r 0 small enough to ensure that each ball B(x, r 0 ) is contained in a coordinate chart, we get ν(T,
But the last term is a quantity depending on the cohomology class {T } since ω satisfies the assumption (*).
Lemma 2.14. Under the same assumption as in Lemma 2.13, one sees that the integrals X T k ac ∧ ω n−k are finite for each k = 0, · · · , n and can be bounded in terms of ω and the ∂∂-cohomology class of T only.
Proof. Since γ is continuous and X is compact, there exists a constant C > 0, such that T ≥ −Cω, and thus T ac ≥ −Cω. Let −C ≤ λ 1 ≤ · · · ≤ λ n be the eigenvalues of T ac . There is a simple observation: whenever λ k is negative or positive, |λ k | ≤ λ k + 2C always holds. Thus
It suffices to prove the right hand side of above inequality is uniformly bounded. Choose a sequence T k of smooth forms approximating T as in Theroem 2.5. Since T k ≥ −Cω − Cλ k ω = −C(1 + λ k )ω for some constant C > 0 depending only on (X, ω) only and continuous functions λ k (x) decreasing to ν(T, x), we find using Lemma 2.13 a constant also denoted by C and depending on (X, ω) and the cohomology class {T } only such that
does not depend on k since our ω satisfies the assumption (*), so the result follows by Fatou's lemma, since T k + Cω is a smooth form converging to T ac + Cω a.e.
2.8.
Harder-Narasimhan filtration on compact Hermitian manifold. In this subsection, we refer to Bruasse [5] . Let (X, ω) be a compact Hermitian manifold endowed with a Gauduchon metric ω. Let L be a holomorphic line bundle on X and h be a Hermitian metric on L. Let Θ L,h be the Chern curvature form of L associated to h. Since it is independent of h up to a ∂∂-exact term and ω is Gauduchon, the ω-degree of L given by
is a well-defined real number independent of h. Now if F is a rank p coherent sheaf of O X -modules, consider the holomorphic line bundle det F = (∧ p F ) * * . Then we have Definition 2.15.
(ii) If F is nontrivial and torsion-free, then we define its slope (or ω-slope) by
Definition 2.16. A torsion-free coherent sheaf E is called ω-(semi) stable if for every coherent subsheaf F ⊂ E with 0 < rankF < rankE, one has µ(F ) < (≤)µ(E).
Definition 2.17. Let (X, ω) be a compact complex manifold of dimension n endowed with a Gauduchon metric ω. Let F be a torsion free coherent sheaf over X. A Harder-Narasimhan filtration for F is a flag:
of subsheaves of F with the following two properties:
Theorem 2.18 ([5]
). Let (X, ω) be a compact complex manifold of dimension n endowed with a Gauduchon metric ω. Let E be a holomorphic vector bundle of rank r over X. It possesses a unique Harder-Narasimhan filtration.
Volume of a nef class
Theorem 3.1. Let (X, ω) be a compact Hermitian manifold endowed with a Gauduchon metric ω satisfying the assumption (*). If α ∈ H 1,1 ∂∂ (X, R) is a nef class, then one has vol(α) = α n .
Proof. The proof is a small modification of that in [4] , for the sake of completeness we give the proof here. Firstly, we prove that for every positive T ∈ α, we have X T n ac ≤ α n , which will certainly imply vol(α) ≤ α n . Write T = θ+dd c ϕ with θ a smooth form. We consider a sequence T k and a sequence of positive numbers ε k → 0, such that T
), where C k → +∞ as k → +∞ and ϕ 
is a smooth form such that T
k (x) → T ac (x) a.e., and T
k ≥ −δ k ω for some sequence δ k > 0 converging to 0. Since T (3) k + δ k ω also converges to T ac a.e., Fatou's lemma gives us
and the latter integral depends only on the class α and δ k , thus it converges to α n . That is X T n ac ≤ α n .
Secondly, we want to show vol(α) ≥ α n . Normalize our Gauduchon metric ω in the assumption (*), such that X ω n = 1. For ε > 0, there exists a closed form T ∈ α such that T + εω > 0. Using Theorem 2.9, one can solve the equation
where τ ε = T + εω + dd c ϕ ε > 0, and φ ε is normalized so that sup X ϕ ε = 0. Since the family τ ε − εω ∈ α represents a bounded set of cohomology classes, it is bounded in mass and we can thus extract some weak limit T = lim 
n , thus one can subtract a subsequence which is denoted by
where the second term is uniformly bounded for k large enough (say 0 < ε k << 1) by Lemma 2.14. For each k, we choose a smooth proper modi-
Select on each X k a Gauduchon metric ω k which also satisfies the assumption (*) by the following Lemma 4.1 (c.f. [15] ). Suppose that (X, ω) is a compact complex manifold satisfying the assumption (*). Let µ : X → X is a smooth modification (a tower of blow-ups). Then there exists a Gauduchon metric Ω satisfying the assumption (*) on X.
Proof. Suppose that X is obtained as a tower of blow-ups
where X j+1 is the blow-up of X j along a smooth center Y j ⊂ X j . Denote by E j+1 ⊂ X j+1 the exceptional divisor, and let µ j : X j+1 → X j be the blow-up map. The line bundle O(−E j+1 )| E j+1 is equal to O P (N j ) (1) where N j is the normal bundle to Y j in X j . Pick an arbitrary smooth Hermitian metric on N j , use this metric to get an induced Fubini-Study metric on O P (N j ) (1), and finally extend this metric as a smooth Hermitian metric on the line bundle O(−E j+1 ). Such a metric has positive curvature along tangent vectors of X j+1 which are tangent to the fibers of E j+1 = P (N j ) → Y j . Assume further that ω j is a Gauduchon metric satisfying assumption (*) on X j . Then
where µ * j ω j is semi-positive on X j+1 , positive definite on X j+1 \ E j+1 , and also positive definite on tangent vectors of T X j+1 | E j+1 which are not tangent to the fibers of E j+1 → Y j . It is then easily to see that Ω j+1 > 0 by taking ε j+1 ≪ 1. Thus our final candidate Ω on X has the form Ω = µ * ω − ε j u j , where
Since every u j is a curvature term of a line bundle, the term ε j u j is d-closed. Now from Lemma 2.12 our Ω satisfies the assumption (*). Now we want to show that the class {θ k } is big for k large. It suffices to show that there exists ε 0 > 0 and a distribution χ such that θ k +dd c χ ≥ ε 0 ω k .
According to Lamari's criterion [25] , c.f. Section 2.5, this is equivalent to showing that
for any Gauduchon metric g on X k . Here we use a theorem of Michelsohn [27] which states that every strictly positive (n−1, n−1)-form β has a (1, 1) root g such that β = g n−1 . Suppose to the contrary that for any m ∈ N, there exists ω m a Gauduchon metric on X k such that
We can assume that
and therefore
From Theorem 2.9, we can solve the equation
for a function ϕ m ∈ C ∞ (X k , R) such that if we set
The third inequality follows from Lemma 2.14 and for k sufficiently large. Where C is a uniform constant depends only on the cohomology class α and ω. Now
But one have
The second inequality holds since ω k = µ * k ω + ε j u j and ε j can be chosen sufficiently small which can be easily seen from Lemma 4.1 and similar argument as in (4.4), M is also a uniform constant which depends only on the cohomology class α and the metric ω on X, and the last inequality is due to Lemma 2.14. Set
By looking at the eigenvalues of α m with respect to ω, from (4.3), it follows that on X k \ E, we have
Secondly, one have vol(α) ≤ vol D (α). In fact, it is trivial that vol(α) = 0 ⇔ vol D (α) = 0. Otherwise it is a direct consequence of the following version of Fujita's theorem due to Boucksom. Theorem 4.6 (c.f. [4] ). Let X be a compact Kähler manifold, and let α ∈ H 1,1 (X, R) is a big class on X. Then for every ε > 0, there exists a modification µ : X → X, a Kähler class ω and an effective real divisor D on X such that
• µ * α = ω + {D} as cohomology classes,
To conclude, we prove the following Proposition 4.7. Let X be a compact Kähler manifold, for any α in
5.
A characterization of the nef anti-canonical bundle on X:
Proof of Theorem 1.3
Let (X, ω) be a compact complex manifold with a Hermitian metric ω. Denote by Ricci(ω) the Chern Ricci curvature of (X, ω), i.e. the Chern curvature of K −1 X corresponding to the Hermitian metric induced by the Hermitian metric ω of X.
Firstly, we prove that (i) implies (ii). Suppose L := K −1 X is nef, that is for any ε > 0, there is a smooth hermitian metric h ε of L, such that Θ L,hε ≥ −εω. From the fact that Θ L,hε is the Chern Ricci curvature of X and thus a representative of the first Chern class of X. One asks for a φ, such that ω ε := ω + i∂∂φ > 0 and Ricci(ω ε ) ≥ −εω ε . Let us find out what equation should such φ satisfy. Now let u ε := Θ L,hε ≥ −εω. Then u ε = Ricci(ω) + i∂∂F ε . It thus suffices to find a φ such that Ricci(ω ε ) = −εω ε + εω + u ε , (5.1) which is equivalent to equation (2.1). In fact, i∂∂ log ω n ε − i∂∂ log ω n = Ricci(ω) − Ricci(ω ε ) = ε(ω ε − ω) + Ricci(ω) − u ε = i∂∂(εφ − F ε ).
From Theorem 2.8, one concludes that for any ε > 0, there is a smooth function φ ε , such that ω ε := ω + i∂∂φ > 0 and Ricci(ω ε ) ≥ −εω ε . Conversely, since Ricci(ω ε ) ≥ −εω ε and ω ε := ω + i∂∂φ > 0, one can easily conclude that Ricci(ω ε ) + i∂∂(εφ) ≥ −εω. But Ricci(ω ε ) + i∂∂(εφ) is The proof given here is along the line of the proof in Demailly [16] . First consider the case where the filtration is regular, i.e. all sheaves F i and their quotients F i /F i−1 are vector bundles. By the stability condition, it is sufficient to prove that X c 1 (T X /F i ) ∧ ω n−1 ≥ 0 for all i. From Theorem 1.3, for each ε > 0, there is a smooth function φ ε such that ω ε := ω + i∂∂φ ε > 0, and Ricci(ω ε ) ≥ −εω ε . This is equivalent to the pointwise estimate
Taking the induced metric on T X /F i (which we also denot by ω ε ), the second fundamental form contributes nonnegative terms on the quotient, hence the ω ε -trace yields Trace(iΘ T X /F i ,ωε ∧ ω n−1 ε ) ≥ −εrank(T X /F i )ω n ε . Therefore, putting r i = rank(T X /F i ), since for a line bundle, the curvature differs by ∂∂-exact terms from different choices of the Hermitian metric and both ω and ω ε satisfy the assumption (*), we get and we are done. In case there are singularities, from the construction [5] they occur only on some analytic subset S ⊂ X of codimension 2. The first Chern forms calculated on X \ S extend as locally integrable currents on X and do not contribute any mass on S. 
